In this paper, we propose a novel parameter estimation scheme for bilinear digital systems based on using the differential evolution (DE) algorithm. The DE algorithm is one of evolutionary computations and is fully with real-valued operations during the optimization. It has been proven to be an excellent searching algorithm in solving a variety of practical engineering optimization problems.
Introduction
In recent years, many related researches and applications about the bilinear digital system have been developed and investigated such as nonlinear system modeling (1) , parameter estimation (2, 3) , system identification (4) (5) (6) , and multichannel active control (7) . It is a nonlinear system and is also an extended version of a digital recursive filter, infinite impulse response (IIR) filter, which consists of three different kinds of series: input signals, output signals, and products of input and output signals. Thus, its modeling capacity is absolutely superior to the original IIR digital system, and conversely the complexity to design the bilinear digital system is more difficult than the IIR due to the nonlinearity.
To estimate the parameters of bilinear digital system, this paper is to utilize the differential evolution (DE) algorithm which belongs to one of evolutionary computations. This algorithm is a powerful and efficient searching means to solving the optimized problems. It is also a population-based algorithm with multiple direction searching. Recently, a variety of engineering optimization problems have been solved and explored by using the DE algorithm (1, (8) (9) (10) (11) .
In [8] , the authors proposed an optimization scheme which the DE is used to choose shape parameter and node distribution when applying the radial basis function meshless numerical method. In [10] , a specialized DE technique to solve the transmission expansion planning (TEP) problem was developed and some comparisons were performed with other swarm methods. Moreover, an optimization problem of heliostat field layout in solar central receiver systems on annual basis has been solved using the DE algorithm (11) This paper will focus on the parameter estimation of the bilinear digital system by the DE optimal algorithm. The purpose is to seek for the actual bilinear digital system parameters using the evolutionary operations of the algorithm. Hence, in the beginning all system parameters need to be collected as a parameter vector, and many such parameter vectors then form a population of the algorithm. In the DE algorithm, there are three main evolutionary mechanisms: mutation, crossover, and selection. All parameter vectors in the population are evolved by these three operations to approach the system optimal or near optimal solutions. The rest of this paper can be organized as follows. In Section 2, the difference equation structure for the bilinear digital system is clearly described. Section 3 will explain the detailed DE algorithm and apply it to the parameter estimation of bilinear digital system. In Section 4, an illustrative example is provided to show the applicability and robustness of the developed scheme. Finally, a simple conclusion is addressed in Section 5.
Bilinear digital system
Before introducing the bilinear digital system, let us explain another digital system, the infinite impulse response (IIR) digital filter, which is often used and discussed in the DSP research. The output of IIR digital filter is influenced by both its previous output signals and present and previous input signals. In general, this kind of filter can use fewer coefficients than the finite impulse response (FIR) digital filter to achieve the same filtering purpose. Nevertheless, the stability problem for designing the IIR digital system should always be taken into account. Equation (1) expresses the difference equation structure for IIR digital filter
where x and y denote the system input and output signals, N is the number of past outputs and is also referred to as the system order, and M is the number of the past input signals. Bilinear digital system considered in this study is an extended version of the IIR digital filter and can be described by 
where  is a collection of all the system coefficients defined by ] , , , [
with the vector length
, and U is another collection of all output, input, and their product signals given by
For the parameter estimation problem of bilinear digital system, the DE algorithm is utilized to optimally seek for the actual parameter vector of Eq. (4).
DE-based parameter estimations
As described in previous section, the DE algorithm is composed of three principal operations including mutation, crossover, and selection. This section will clearly explain these operations (1) . At the beginning of the algorithm, a cost function of the system needs to properly be defined for evaluating the performance of each parameter vector. It is here given by
where L represents the sampling number and e is the error signal between the actual system output y and estimated 
where   
It is concluded from the crossover formula of Eq. (9) that the trial vector W is a full exchange outcome between V and  . Next step is to execute the selection operation on both the trial vector W and the original target vector  . In brief, the selection is to keep the excellent parameter vector and discard the bad one. As a result, the cost functions of both W and  need to be calculated.
.e., the trial vector is superior to the target vector, then the algorithm keep this derived trial vector and discard the original target vector, otherwise the target vector still survives in the population and omit the trial vector. To perform the above three DE operations once is called a generation or an iteration of the algorithm. In general, there are two kinds of conditions to stop the algorithm: the assigned number of iterations G is attained or the cost function derived during the optimization is already met. In this paper, the algorithm stops when the former is satisfied. Finally, Fig. 1 
An illustrative example
In this section, a simulation example for the parameter estimation of the bilinear digital system is proposed. The bilinear digital system considered can be expressed by . In order to demonstrate the algorithm's robustness, ten independent runs with different sets of initial conditions (Run 1 ~ Run 10) are performed for the parameter estimation of the bilinear digital system. Numerical results are listed in Tab. 2 for Run 1 to Run 10. It is clearly seen from Tab. 2 that the final simulation results by any independent run are the same with those of actual digital system as shown in Eq. (10) . They reveal that the proposed algorithm can accurately estimate the actual system parameters and has a good robustness as well. In addition, the convergence trajectories of all estimated system parameters during the evolution are also displayed with respect to the number of iterations in Figs. 2-5. Figs.  2 and 3 show the convergence trajectories of all estimated parameters for Run 1, and Figs. 4 and 5 are for Run 5, respectively. As can be seen from these figures, all the estimated parameters already approach the actual system parameters about after 500 iterations. 
Conclusions
In this paper, we have successfully developed a novel parameter estimation scheme for the bilinear digital system based on using the DE algorithm. All estimated system parameters is collected as a parameter vector of the algorithm. Then, by executing three main evolutionary operations on all parameter vectors inside the population, the actual system parameters can be accurately solved. Furthermore, the robustness of the proposed method is also guaranteed by examining ten independent runs with different sets of initial conditions. Numerical results sufficiently show the applicability of the proposed method on the system parameter estimation of the bilinear digital system. In the future work, other new evolutionary algorithms such as the particle swarm optimization (PSO) and the artificial bee colony (ABC) will be used to solve the same problem and some comparisons are provided.
